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1. Introduction and main results
Let Ω be a smooth bounded domain in RN with N  7. We are concerned with the problem⎧⎪⎨
⎪⎩
−u = 2αα+β |u|α−2u|v|β + λu in Ω,
−v = 2βα+β |u|α |v|β−2v + μv in Ω,
u = v = 0 on ∂Ω,
(1.1)
where λ,μ 0 and λ + μ > 0, α,β > 1 satisfying α + β = 2∗ , 2∗ = 2NN−2 denotes the critical Sobolev exponent.
A pair of functions (u, v) ∈ H10(Ω) × H10(Ω) is said to be a weak solution of problem (1.1) if∫
Ω
(∇u∇ϕ1 + ∇v∇ϕ2 − λuϕ1 − μvϕ2)dx− 2α
α + β
∫
Ω
|u|α−2u|v|βϕ1 dx
− 2β
α + β
∫
Ω
|u|α |v|β−2vϕ2 dx = 0, ∀ϕ = (ϕ1,ϕ2) ∈ H10(Ω) × H10(Ω).
The corresponding energy functional of problem (1.1) is deﬁned on H10(Ω) × H10(Ω) by
Iλ,μ(u, v) = 1
2
∫
Ω
(|∇u|2 + |∇v|2 − λ|u|2 − μ|v|2)dx− 2
α + β
∫
Ω
|u|α |v|β dx. (1.2)
It is well known that the nontrivial solutions of problem (1.1) are equivalent to the nonzero critical points of Iλ,μ in
H10(Ω) × H10(Ω). Moreover, every weak solution of problem (1.1) is classical (see Remark 4 in [1]).
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Sα,β = inf
u,v∈H10(Ω)\{0}
∫
Ω
(|∇u|2 + |∇v|2)dx
(
∫
Ω
|u|α |v|β dx) 2α+β
. (1.3)
Then we have (see [1])
Sα,β =
((
α
β
) β
α+β
+
(
β
α
) α
α+β )
S, (1.4)
where S is the best Sobolev constant deﬁned by
S = inf
u∈H10(Ω)\{0}
∫
Ω
|∇u|2 dx
(
∫
Ω
|u|2∗ dx) 22∗
,
which is achieved if and only if Ω = RN by
U (x) = (N(N − 2))
N−2
4
(1+ |x|2) N−22
.
The function U , called an instanton, satisﬁes
−U = U2∗−1 in RN .
Moreover,∫
RN
|∇U |2 dx =
∫
RN
U2
∗
dx = S N2 .
Problem (1.1) arises from [1], where C.O. Alves et al. [1] considered (1.1) and proved the existence of least energy
solutions for any λ,μ ∈ (0, λ1), and generalized the corresponding results in [4] to the case of problem (1.1). Here λ1
denotes the ﬁrst eigenvalue of − in H10(Ω). Subsequently, P. Han [6,7] studied the existence of multiple positive solutions
for (1.1).
Set λ = μ. Then system (1.1) reduces to the scalar semilinear elliptic problem:{−u = |u|2∗−2u + λu in Ω,
u = 0 in ∂Ω.
(1.5)
G. Devillanova and S. Solimini [5] recently considered problem (1.5) and obtained inﬁnitely many solutions for every λ > 0.
Two important methods employed by G. Devillanova and S. Solimini are concentration estimates and the lower bound of
the augmented Morse index on min–max points (see [2]), which seem not applicable to the case of (1.1) directly.
Let X be a Banach space. The functional J ∈ C1(X,R) is said to satisfy the (P .S.)c condition if any sequence {un} ⊂ X
such that as n → ∞
J (un) → c, J ′(un) → 0 strongly in X∗
contains a subsequence converging in X to a critical point of J .
Assume that (un, vn) ⇀ (u, v) weakly in H10(Ω) × H10(Ω), we cannot deduce that, up to a subsequence if necessary
lim
n→∞
∫
Ω
|un|α |vn|β dx =
∫
Ω
|u|α |v|β dx,
which leads to that Iλ,μ does not satisfy (P .S.)c condition for any c > 0. Since we are only interested in solutions with
positive energy, fountain theorem and its dual theorem (see [3,8]) are not directly applicable to the case of (1.1). In order
to overcome these diﬃculties, we have to look for other methods to deal with problem (1.1). One important question on
problem (1.1) is that whether there exist inﬁnitely many solutions of (1.1) with every λ,μ 0 satisfying λ + μ > 0. As far
as we know, there are little results on this question.
Our main result in the present note is the following:
Theorem 1.1. Let N  7 and λ,μ 0 with λ + μ > 0. Then problem (1.1) admits inﬁnitely many solutions with positive energy.
Remark. We cannot claim that Theorem 1.1 holds for N = 3,4,5,6 since our methods fail in these cases (see Proposition 2.1
below).
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to the subcritical case of (1.1). Section 3 devotes to the proof of Theorem 1.1.
Throughout this paper, we shall denote the norms of the spaces H10(Ω), L

(Ω) (1  
 < ∞) by ‖u‖H10(Ω) =
(
∫
Ω
|∇u|2 dx) 12 , ‖u‖L
(Ω) = (
∫
Ω
|u|
 dx) 1
 respectively, and the positive constants (possibly different) by C,C1,C2, . . . . More-
over, set ‖(u, v)‖H10(Ω)×H10(Ω) = ‖u‖H10(Ω) + ‖v‖H10(Ω) .
2. H1-strong convergence of solutions for the subcritical case of (1.1)
In this section, we establish the H1-strong convergence on solutions for the following problem⎧⎪⎪⎨
⎪⎪⎩
−u = 2(α−)α+β−2 |u|α−2−u|v|β− + λu in Ω,
−v = 2(β−)α+β−2 |u|α− |v|β−2− v + μv in Ω,
u = v = 0 on ∂Ω,
(2.1)
where 0 <  < min{α − 1, β − 1}.
Proposition 2.1. Assume that N  7 and λ,μ 0 satisfy λ + μ > 0. Then for any sequence {(u, v)}, which are solutions of (2.1)
satisfying ‖(u, v)‖H10(Ω)×H10(Ω)  C for some constant C independent of  > 0, there exists a subsequence of {(u, v)}, which
converges strongly in H10(Ω) as  → 0.
Before giving the proof of Proposition 2.1, we introduce some notations and terminologies. Let (u, v) be a solution of
problem (2.1). Set u˜ = |u|, v˜ = |v| (extended by zero out of Ω). Then u˜, v˜ ∈ H1(RN ) satisfy for any ϕ ∈ H1(RN ) with ϕ  0∫
RN
∇u˜∇ϕ dx =
∫
Ω
∇|u|∇ϕ dx =
∫
∂Ω
ϕ
∂|u|
∂n
dS −
∫
Ω
|u|−1uuϕ dx

∫
Ω
|u|−1u
(
2(α − )
α + β − 2 |u|
α−2−u|v|β− + λu
)
ϕ dx
=
∫
Ω
(
2(α − )
α + β − 2 |u|
α−1− |v|β− + λ|u|
)
ϕ dx

∫
RN
(
2(α − )
α + β − 2 (u˜ + v˜)
α+β−1−2 + λu˜
)
ϕ dx,
which implies in the sense of distribution
−u˜  2(α − )
α + β − 2 (u˜ + v˜)
α+β−1−2 + λu˜.
Similarly,
−v˜  2(β − )
α + β − 2 (u˜ + v˜)
α+β−1−2 + μv˜.
Thus, we obtain
−(u˜ + v˜) b(u˜ + v˜)2∗−1 + A, (2.2)
where b > 1 and A = A(λ,μ,N) > 0 is independent of  . In the next, we normalize b and always take b = 1 in (2.2). So in
next sections we can only consider the estimates of solutions to (2.2) in H1(RN ), and this also makes us free from caring
about the sign of u and the bounded domain Ω .
Deﬁnition 2.2. {(un, vn)} ⊂ H10(Ω) × H10(Ω) is said to be a controlled sequence if un + vn is a solution to problem (2.2);
a balanced sequence if {(un, vn)} solves problem (2.1) for some  = n > 0.
Remark. Every balanced sequence is a controlled sequence. In addition, we also may assume that controlled sequences are
nonnegative in the whole space RN since we could replace them with their absolute values respectively.
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(
P∞
)
⎧⎪⎪⎨
⎪⎪⎩
−u = 2αα+β uα−1vβ in RN ,
−v = 2βα+β uαvβ−1 in RN ,
u > 0, v > 0 in RN .
Here α,β > 1 and α + β = 2∗ .
Set
U =
(
2β
α + β
) 1
α+β−2(β
α
) β−2
2(α+β−2)
u and V =
(
2α
α + β
) 1
α+β−2(α
β
) α−2
2(α+β−2)
v.
Then problem (P∞) can be rewritten as
(
Q ∞
) ⎧⎪⎨⎪⎩
−U = Uα−1V β in RN ,
−V = UαV β−1 in RN ,
U > 0, V > 0 in RN .
Lemma 2.3 (Uniqueness). Let (U , V ) be a solution of (Q ∞). Then U ≡ V in RN .
Proof. Let (U , V ) be one solution of (Q ∞). Then
−(U − V ) = Uα−1V β−1(V − U ) in RN .
So, ∫
RN
∣∣∇(U − V )∣∣2 dx = −∫
RN
Uα−1V β−1(U − V )2 dx 0,
which implies that
U − V ≡ const in RN .
Note that U , V > 0 in RN . It follows from (Q ∞) that
Uα−1V β = −U = UαV β−1 in RN .
Hence U ≡ V in RN . 
From Theorem 2.3 in [6] and Lemma 2.3 above, we have the global compact result on (1.1):
Let {(un, vn)} ⊂ H10(Ω) × H10(Ω) be a nonnegative Palais–Smale sequence of Iλ,μ (which is deﬁned in (1.2)). Then, re-
placing {(un, vn)} if necessary by a subsequence, there exist k sequences of mutually diverging scaling σ in with respective
concentration points xin such that as n → ∞⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
un = u∞ + A−10
k∑
i=1
(
σ in
) N−2
2 U
(
σ in
(
x− xin
))+ ω1n,
vn = v∞ + B−10
k∑
i=1
(
σ in
) N−2
2 U
(
σ in
(
x− xin
))+ ω2n,
(2.3)
where (u∞, v∞) is a weak solution of problem (1.1), ‖ωin‖H10(Ω) → 0 (i = 1,2) and
A0 =
((
2β
α + β
)β(
α + β
2α
)β−2) 12(α+β−2)
, B0 =
((
2α
α + β
)α(
α + β
2β
)α−2) 12(α+β−2)
.
We call {(un, vn)} is a concentrating sequence if the limit in (2.3) holds in H1-strong topology.
Assume ‖un‖H10(Ω)  M , then from (2.3), we get k  C(M). Among all the bubbles in (2.3), we can choose a slowest
concentration rate, denoted by σn , which concentrates in xn = xin in the slowest way. We may always choose a constant
C > 0 such that the region A1n = B(C+5)σ−1/2n (xn)\BCσ−1/2n (xn) does not contain any concentration point of un for every n.
Deﬁne the thinner subset A2n = B(C+4)σ−1/2n (xn)\B(C+1)σ−1/2n (xn). Then the following results on the controlled concentrat-
ing sequences hold (see [5]):
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un(x) + vn(x) C, ∀x ∈A2n.
Moreover, there exists a tn ∈ [C + 2,C + 3] such that∫
∂B
tnσ
−1/2
n
(xn)
(|∇un|2 + |∇vn|2)dσ  Cσ− N−32n .
Lemma 2.5. Let B be any bounded set in RN and x0 ∈ RN . Then we have the local Pohozaev identity on B for the two equations of (2.1):
(N − 2)2
N − (N − 2)
∫
B
|u|α− |v|β− dx+
∫
B
(
λ|u|2 + μ|v|2)dx
= 2
α + β − 2
∫
∂B
|u|α− |v|β−(x− x0) · ν dσ + 1
2
∫
∂B
(
λ|u|2 + μ|v|2)(x− x0) · ν dσ
+
∫
∂B
((∇u · (x− x0))(∇u · ν) + (∇v · (x− x0))(∇v · ν))dσ
− 1
2
∫
∂B
(|∇u|2 + |∇v|2)(x− x0) · ν dσ + N
2∗
∫
∂B
(
(∇u · ν)u + (∇v · ν)v)dσ , (2.4)
where ν is the outward normal to ∂B.
Proof. Without loss of generalization, we take x0 = 0. Set
f (u, v) = 2(α − )
α + β − 2 |u|
α−2−u|v|β− + λu,
and
g(u, v) = 2(β − )
α + β − 2 |u|
α− |v|β−2− v + μv.
Then from (2.1), we have∫
B
(|∇u|2 + |∇v|2)dx = ∫
B
(
f (u, v)u + g(u, v)v)dx+ ∫
∂B
(
(∇u · ν)u + (∇v · ν)v)dσ . (2.5)
Using the divergence theorem, we get
−
∫
B
u(∇u · x)dx
= −
∫
∂B
(∇u · ν)(∇u · x)dσ +
∫
B
∇u · ∇(∇u · x)dx
= −
∫
∂B
(∇u · ν)(∇u · x)dσ +
N∑
i, j=1
∫
B
∂u
∂x j
· ∂
∂x j
(
xi
∂u
∂xi
)
dx
= −
∫
∂B
(∇u · ν)(∇u · x)dσ +
N∑
i, j=1
∫
B
∂u
∂x j
·
(
δi j
∂u
∂xi
+ xi ∂
2u
∂xi∂x j
)
dx
= −
∫
∂B
(∇u · ν)(∇u · x)dσ +
∫
B
|∇u|2 dx+ 1
2
N∑
i=1
∫
B
xi
∂
∂xi
(|∇u|2)dx
= −
∫
∂B
(∇u · ν)(∇u · x)dσ + 1
2
∫
∂B
|∇u|2(ν · x)dσ − N − 2
2
∫
B
|∇u|2 dx.
Thus, we obtain
Z. Liu, P. Han / J. Math. Anal. Appl. 353 (2009) 544–552 549−
∫
B
u(∇u · x)dx−
∫
B
v(∇v · x)dx
= −
∫
∂B
(
(∇u · ν)(∇u · x) + (∇v · ν)(∇v · x))dσ
+ 1
2
∫
∂B
(|∇u|2 + |∇v|2)(ν · x)dσ − N − 2
2
∫
B
(|∇u|2 + |∇v|2)dx. (2.6)
On the other hand,
−
∫
B
u(∇u · x)dx−
∫
B
v(∇v · x)dx
=
∫
B
f (u, v)(∇u · x)dx+
∫
B
g(u, v)(∇v · x)dx
= 2
α + β − 2
∫
B
∇(|u|α− |v|β−) · xdx+ 1
2
∫
B
∇(λ|u|2 + μ|v|2) · xdx
= 2
α + β − 2
∫
∂B
|u|α− |v|β−(ν · x)dσ + 1
2
∫
∂B
(
λ|u|2 + μ|v|2)(ν · x)dσ
− 2N
α + β − 2
∫
B
|u|α− |v|β− dx− N
2
∫
B
(
λ|u|2 + μ|v|2)dx. (2.7)
Therefore, from (2.5)–(2.7), we infer that (2.4) holds. 
Proof of Proposition 2.1. Let {(u, v)} be a balanced sequence (which satisﬁes (2.1) with  > 0) and ‖(u, v)‖H10(Ω)×H10(Ω)
C (independent of  > 0). Then, similar to the proof of Lemma 6.2 in [5], we can choose a concentrating sequence, denoted
by {(un, vn) = (un , vn )} with n → 0. Thus in order to prove the H1-strong convergence in (2.3), we just need to show the
bubbles (σ in)
N−2
2 U (σ in(x− xin)) (1 i  k) in (2.3) will not appear in the decomposition of un, vn . Since the proof is similar
to that of Lemma 6.1 in [5], here we only give a sketch of it. From Lemma 2.5, for the balanced concentrating sequence
{(un, vn)} of (2.1) with  = n → 0, we have the local Pohozaev identity on Bn = Btnσ−1/2n (xn) ∩ Ω
n(N − 2)2
N − n(N − 2)
∫
Bn
|un|α−n |vn|β−n dx+
∫
Bn
(
λ|un|2 + μ|vn|2
)
dx
= 2
α + β − 2n
∫
∂Bn
|un|α−n |vn|β−n (x− x0) · ν dσ + 1
2
∫
∂Bn
(
λ|un|2 + μ|vn|2
)
(x− x0) · ν dσ
+
∫
∂Bn
((∇un · (x− x0))(∇un · ν) + (∇vn · (x− x0))(∇vn · ν))dσ − 1
2
∫
∂Bn
(|∇un|2 + |∇vn|2)(x− x0) · ν dσ
+ N
2∗
∫
∂Bn
(
(∇un · ν)un + (∇vn · ν)vn
)
dσ , (2.8)
where ν is the outward normal to ∂Bn .
Set ∂Bn = ∂i Bn ∪ ∂e Bn , where ∂i Bn = ∂Bn ∩ Ω , ∂e Bn = ∂Ω ∩ Bn . As in [5], if ∂e Bn = ∅, we take x0 in (2.8) equal to the
concentration point xn; if ∂e Bn = ∅, we take x0 out of Ω such that
d(x0, xn) 2tnσ
− 12
n and ∀x ∈ ∂e Bn, ν · (x− x0) < 0. (2.9)
By the assumption: λ,μ 0 and λ + μ > 0, we may assume that λ > 0. Let B ′n = Bσ−1n (xn) ∩ Ω and un = u0n + u1n + u2n ,
where
u1n = u∞, u2n = A−10
k∑
i=1
(
σ in
) N−2
2 U
(
σ in
(
x− xin
))
, u0n = un − u1n − u2n.
Then we deduce that for n large enough, B ′n ⊂ Bn and
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|un|2 dx
∫
B ′n
|un|2 dx 1
2
∫
B ′n
∣∣u2n∣∣2 dx− 2
∫
B ′n
∣∣u1n∣∣2 dx− 2
∫
B ′n
∣∣u0n∣∣2 dx. (2.10)
After a direct calculation, we have∫
B ′n
∣∣u2n∣∣2 dx Cσ−2n ,
∫
B ′n
∣∣u1n∣∣2 dx Cσ−Nn ,
∫
B ′n
∣∣u0n∣∣2 dx C∥∥u0n∥∥2L2∗ (Ω)σ−2n . (2.11)
Note that ‖u0n‖L2∗ (Ω) → 0 as n → ∞. Inserting (2.11) into (2.10), we get for n large enough∫
Bn
|un|2 dx Cσ−2n . (2.12)
By the choice of x0, as in [5], we only need to consider the right-hand side of (2.8) on ∂i Bn . Using Lemma 2.4, we get
2
α + β − 2n
∫
∂i Bn
|un|α−n |vn|β−n (x− x0) · ν dσ + 1
2
∫
∂i Bn
(
λ|un|2 + μ|vn|2
)
(x− x0) · ν dσ
+
∫
∂i Bn
((∇un · (x− x0))(∇un · ν) + (∇vn · (x− x0))(∇vn · ν))dσ
− 1
2
∫
∂i Bn
(|∇un|2 + |∇vn|2)(x− x0) · ν dσ + N
2∗
∫
∂i Bn
(
(∇un · ν)un + (∇vn · ν)vn
)
dσ
 C
∫
∂i Bn
∣∣(x− x0) · ν∣∣dσ + ∫
∂i Bn
(|∇un|2 + |∇vn|2)|x− x0|dσ
+
( ∫
∂i Bn
(|∇un|2 + |∇vn|2)dσ
) 1
2
( ∫
∂i Bn
(|un|2 + |vn|2)dσ
) 1
2
 Cσ−
N−2
2
n . (2.13)
Inserting (2.12), (2.13) into (2.8), we obtain
σ−2n  Cσ
− N−22
n ,
which is a contradiction for n large enough due to N  7. 
3. Existence of inﬁnitely many solutions for (1.1)
In this section, we ﬁrst introduce some notations (see [8]) and preliminary lemmas.
Denote the eigenvalues of − in H10(Ω) by 0 < λ1  λ2  · · · , and the corresponding eigenfunctions by e1(x), e2(x), . . . .
Then {ei(x)}∞i=1 consist of an orthogonal basis in H10(Ω).
It is well known that the nontrivial solutions of problems (2.1) are the corresponding nonzero critical points of the
following energy functional deﬁned on H10(Ω) × H10(Ω):
Iλ,μ(u, v) =
1
2
∫
Ω
(|∇u|2 + |∇v|2 − λ|u|2 − μ|v|2)dx− 2
α + β − 2
∫
Ω
|u|α− |v|β− dx. (3.1)
Set Y˜k :=⊕kj=1 e j , Z˜k :=⊕∞j=k e j and Yk := Y˜k × Y˜k , Zk := Z˜k × Z˜k ,
Bk :=
{
(u, v) ∈ Yk
∣∣ ∥∥(u, v)∥∥H10(Ω)×H10(Ω)  ρk},
Nk :=
{
(u, v) ∈ Zk
∣∣ ∥∥(u, v)∥∥H10(Ω)×H10(Ω) = rk},
where ρk > rk > 0.
Deﬁne
Γk :=
{
γ ∈ C(Bk, H10(Ω) × H10(Ω))|γ |∂Bk = id}, ck := inf
γ∈Γk
max
(u,v)∈Bk
Iλ,μ
(
γ (u, v)
)
,
cnk := infγ∈Γk max(u,v)∈Bk I
n
λ,μ
(
γ (u, v)
)
, bnk := inf
(u,v)∈Nk
Inλ,μ(u, v),
where n > 0 and n → 0 as n → ∞.
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Proof. For any (u, v) ∈ H10(Ω) × H10(Ω),
Iλ,μ(u, v) = Inλ,μ(u, v) + Fn(u, v), (3.2)
where
Fn(u, v) = 2
α + β − 2n
∫
Ω
|u|α−n |v|β−n dx− 2
α + β
∫
Ω
|u|α |v|β dx.
Since Bk is compact and the functionals ±Fn are equicontinuous on Bk , we derive that limn→∞ sup(u,v)∈Bk ±Fn(u, v) → 0.
Note that id ∈ Γk , for any positive integer k, we deduce that
ck = inf
γ∈Γk
sup
(u,v)∈Bk
Iλ,μ
(
γ (u, v)
)
 lim
n→∞
inf
γ∈Γk
sup
(u,v)∈Bk
Inλ,μ
(
γ (u, v)
)+ lim
n→∞ sup(u,v)∈Bk
Fn(u, v)
= lim
n→∞
cnk . (3.3)
Similarly,
lim
n→∞c
n
k = limn→∞ infγ∈Γk sup(u,v)∈Bk
Inλ,μ
(
γ (u, v)
)
 lim
n→∞ infγ∈Γk
sup
(u,v)∈Bk
Iλ,μ
(
γ (u, v)
)+ lim
n→∞ sup(u,v)∈Bk
(−Fn(u, v))
= ck. (3.4)
Combining (3.3) with (3.4), we infer that limn→∞ cnk = ck . 
Lemma 3.2. limk→∞ ck = +∞.
Proof. It follows from Lemma 3.1 that for every positive integer k, there exists nk > k such that∣∣cnkk − ck∣∣< 1k . (3.5)
Let δ0 ∈ (0, λ1) be a ﬁxed number. Deﬁne
αk := inf
u∈ Z˜k,‖u‖Lpnk (Ω)=1
∫
Ω
(|∇u|2 − δ0|u|2)dx,
where pnk = α + β − 2nk ∈ (2,2∗).
We claim that, up to a subsequence, αk → +∞ as k → ∞. In fact, since pnk < 2∗ , we infer that αk can be achieved by a
function vk ∈ Z˜k ,
∫
Ω
|vk|pnk dx = 1, which satisﬁes
−vk = αk|vk|pnk−2vk + δ0vk.
If αk  ∞ as k → ∞, then
∫
Ω
|∇vk|2 dx C by the choice of δ0. By using Theorem 1.1 in [5], we conclude that
sup
k
‖vk‖L∞(Ω)  C . (3.6)
Since vk ∈ Z˜k , up to a subsequence, we may assume that
vk ⇀ 0 weakly in H
1
0(Ω); vk → 0 a.e. on Ω.
By (3.6) and the dominated convergence theorem, we deduce that limk→∞
∫
Ω
|vk|pnk dx = 0, which is a contradiction due to∫
Ω
|vk|pnk dx = 1. Thus αk → ∞ as k → ∞. By Young inequality, we have for any (u, v) ∈ Zk
I
nk
λ,μ(u, v) =
1
2
∫
Ω
(|∇u|2 + |∇v|2 − λ|u|2 − μ|v|2)dx− 2
α + β − 2nk
∫
Ω
|u|α−nk |v|β−nk dx
 1
2
∫
Ω
(|∇u|2 + |∇v|2 − λ|u|2 − μ|v|2)dx− 2
α + β − 2nk
∫
Ω
(|u|pnk + |v|pnk )dx
 C1
(‖u‖ 1 + ‖v‖ 1 )2 − C2α− pnk2 (‖u‖ 1 + ‖v‖ 1 )pnk − C3.H0(Ω) H0(Ω) k H0(Ω) H0(Ω)
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pnk /2
k
C2pnk
)
1
pnk−2 , if (u, v) ∈ Zk and ‖(u, v)‖H10(Ω) = rk, we obtain that
I
nk
λ,μ(u, v) C1
(
1− 2
pnk
)(
2C1α
pnk
2
k
C2pnk
) 2
pnk−2 − C3. (3.7)
Since we have proved that αk → ∞ as k → ∞, from (3.7), we infer that bnkk → ∞ as k → ∞. It follows from Theorem 3.5
in [8] that cnkk  b
nk
k , and so from (3.5), we get that limk→∞ ck = limk→∞ cnkk = +∞. 
Proof of Theorem 1.1. It is not diﬃcult to verify that the assumptions (A1)–(A4) of Theorem 3.6 in [8] are satisﬁed for
problem (2.1) with  = n → 0. So by Theorem 3.6 in [8], we conclude that Inλ,μ has a sequence of critical points, denoted
by (unk , v
n
k). Moreover, c
n
k = Inλ,μ(unk , vnk). By Lemma 3.1, we deduce that {(unk , vnk)}∞n=1 is bounded in H10(Ω). Then by Propo-
sition 2.1, we can ﬁnd a subsequence which strongly converges to a solution (uk, vk) of (1.1) at level ck . By Lemma 3.2, we
obtain inﬁnitely many positive energy solutions for problem (1.1). 
Remark. The new result in this paper is that we establish inﬁnitely many solutions of (1.1) with positive energy (see
Theorem 1.1 for details). We ﬁrst consider the corresponding perturbed subcritical case (2.1), and use the fountain theorem
to ﬁnd inﬁnitely many solutions of (2.1). Then, analyzing the structures of inﬁnitely approximate solutions of (2.1) and the
corresponding critical values carefully, we obtain our desired result (Theorem 1.1) by passing to a limit.
References
[1] C.O. Alves, D.C. de Morais Filho, M.A.S. Souto, On systems of elliptic equations involving subcritical or critical Sobolev exponents, Nonlinear Anal. 42
(2000) 771–787.
[2] A. Bahri, P.L. Lions, Morse index of some min–max critical points. I. Application to multiplicity results, Comm. Pure Appl. Math. 41 (1988) 1027–1037.
[3] T. Bartsch, M. Willem, On an elliptic equation with concave and convex nonlinearities, Proc. Amer. Math. Soc. 123 (1995) 3555–3561.
[4] H. Brezis, L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev exponent, Comm. Pure Appl. Math. 36 (1983) 437–478.
[5] G. Devillanova, S. Solimini, Concentration estimates and multiple solutions to elliptic problems at critical growth, Adv. Difference Equ. 7 (2002) 1257–
1280.
[6] P. Han, High-energy positive solutions for a critical growth Dirichlet problem in noncontractible domains, Nonlinear Anal. 60 (2005) 369–387.
[7] P. Han, The effect of the domain topology on the number of positive solutions of some elliptic systems involving critical Sobolev exponents, Houston
J. Math. 32 (2006) 1241–1257.
[8] M. Willem, Minimax Theorems, Progr. Nonlinear Differential Equations Appl., vol. 24, Birkhäuser, Boston/Basel/Berlin, 1996.
